A perturbation method based on a long wavelength approximation is used to obtain the leading order equations governing the¯uid dynamics of laminar, annular, round and compound liquid jets and liquid ®lms on convex and concave cylindrical surfaces. An approximate, integral balance method is also used to determine the inviscid core and the thickness of the boundary layers of annular liquid jets near the nozzle exit. The steady state equations are transformed into parabolic ones by means of the von Mises transformation and solved in an adaptive, staggered grid to determine the axial velocity distribution and the location of the free surfaces. It is shown that, for free surface¯ows subject to inertia, gravity and surface tension, there is a contraction near the nozzle which increases as the Reynolds and Froude numbers are decreased, and is nearly independent of the Weber number for Weber numbers larger than about one hundred. It is also shown that this contraction depends on the¯ow considered, and is larger for ®lms on convex surfaces. It is also shown that, for round jets, the acceleration of the jet's free surface is larger than that of the jet's centerline, although, suciently far from the nozzle exit, the axial velocity is uniform across the jet. Ó 1998 Elsevier Science Inc. All rights reserved.
Introduction
Laminar annular liquid jets ( Fig. 1) have been the subject of study for several years due to their applications as chemical reactors, protection systems for inertial-con®nement laser fusion reactors, etc. [1] . Most of these studies assume that the¯uid is inviscid [2] . To our knowledge, only Esser and Abdel-Khalik [3] accounted for both surface tension and viscosity in their numerical studies of annular liquid jets at high Reynolds numbers. These authors used a boundary layer approximation, assumed axisymmetry, and accounted for gravity and radial pressure gradients; the axial pressure gradient was neglected in their studies. Unfortunately, the analysis and numerical results presented by Esser and Abdel-Khalik [3] are not mathematically consistent with a boundary layer approximation for long annular liquid jets, with experimental results and with onedimensional models of annular jets as shown by the author [4] . However, the analytical and numerical solutions of the inviscid¯ow equations for slender and thin, annular liquid jets are in good agreement with available experimental data [4] .
In this paper, a perturbative, long-wave analysis of the Navier±Stocks equations for incompressibe (constant density), viscous, axisymmetric, laminar, annular liquid jets at high Reynolds number is performed. Such an analysis clearly indicates some of the errors introduced by Esser and Abdel-Khalik [3] , e.g., their equations are not consistent with a long wavelength approximation, and is also valid for other axisymmetric free surface¯ows at high Reynolds numbers such as, for example, round jets, liquid ®lms over convex or concave cylindrical surfaces, compound jets, etc. (Fig. 1) . The analysis considers both the core and the boundary layers formed at the jet's interfaces as the¯uid leaves the nozzle exit, as well as their merging, and results in leading order equations which are much simpler and easier to solve numerically than the two-dimensional Navier±Stokes equations for axisymmetric¯ows with free surfaces.
When an annular liquid jet emerges from an annular nozzle, the boundary conditions at the jet's interfaces undergo a drastic change from no-slip conditions at the nozzle's walls to free surface¯ow conditions; such a drastic change is associated with a singularity at the nozzle exit. The vorticity generated at the singularities is diused radially and convected downstream at high Reynolds numbers. Furthermore, at high Reynolds numbers, the¯ow near but away from the nozzle can be divided into an inviscid, potential core and two boundary layers which are formed at the singularities and grow downstream. Before the merging of the boundary layers, a von Karman± Pohlhausen technique may be used to formulate the problem in terms of assumed velocity pro®les in both the core and the boundary layers which are formed at the annular liquid jet's interfaces. After the merging, it is shown that the leading order axial velocity component is governed by a parabolic partial dierential, while, once the axial velocity component is uniform at each cross section, Torricelli's free-fall equation law governs the axial velocity component of the liquid.
Since the equations, but not the boundary conditions, governing the¯uid dynamics of laminar round jets, liquid ®lms over convex or concave cylindrical surfaces, compound jets, etc., are exactly the same as those of the laminar annular liquid jets considered here, the asymptotic equations which govern these¯ows are also derived in this paper. Round jets at high Reynolds numbers were considered by Duda and Vrentas [5] who used the boundary layer equations and employed the von Mises transformation or Protean coordinates. Vrentas et al. [6] matched the solution of the boundary layer equations to that of a one-dimensional model, and found that the jet contracts rapidly when its dynamics are controlled by inertia and gravity. When inertia, viscosity and gravity are important, jet contraction occurs at signi®cantly larger lengths, but, eventually, inertia and gravity dominate and the shape of the jet becomes independent of the Reynolds number. Tadrist et al. [7] also used the formulation of Duda and Vrentas [5] but considered the density and viscosity of the surrounding medium which was also treated by using a boundary layer approximation. Gospodinov and Radev [8] used the boundary layer equations and ®nite differences to analyze laminar jets in inviscid media, considered plug and parabolic axial velocity distributions at the nozzle exit, and showed that the approximate integral balance method employed by Yu and Scheele [9] based on assumed velocity pro®les results in an inexact description of the boundary layer. Yu and Scheele [9] analyzed the eects of the density and viscosity ratios on the steady dynamics of immiscible laminar jets at high Reynolds numbers by means of the von Mises transformation and by means of a method of moments.
In this paper, the equations governing the¯uid dynamics of a variety of free surface¯ows subject to gravity, inertia and surface tension are deduced from the Navier±Stokes equations by means of asymptotic methods based on the slenderness of such¯ows, and it is shown that the leading order equations are those of boundary layer which have a similar form but are dierent from those of Duda and Vrentas [5] . An integral balance method is also used to analyze the growth and merging of the boundary layers which are formed at the annular liquid jet's interfaces. Such a method uses the asymptotic equations presented in this paper which may not be valid near the nozzle exit because these equations do not contain radial pressure gradients at leading order in the asymptotic expansion.
Compound liquid jets have been the subject of intensive research due to their potential applications in ink-jet printing and particle sorting [10] . Sanz and Meseguer [11] performed a stability analysis of inviscid, capillary, compound jets based on a one-dimensional model which assumes that the axial velocity component and the pressure are only functions of the axial coordinate and time; they also retained the two radii of curvature at each interface so that the assumption of uniform pressure across the compound jet is inconsistent with their Eqs. (2.5) and (2.6). Radev and Gospodinov [12] considered compound jets at high Reynolds numbers in an inviscid medium by means of the formulation introduced by Duda and Vrentas [5] , and, in order to account for the round and annular jets, they introduced two stream functions. Here, we consider laminar compound jets at high Reynolds numbers and performed a long wavelength asymptotic analysis of the governing equations which leads to a one-dimensional formulation. Such a formulation reduces to the inviscid one developed by Sanz and Meseguer [11] for gravitationless compound jets if the Reynolds number takes an in®nite value, gravity is neglected, and the compound jet is slender or long.
Liquid ®lms on concave and convex cylindrical surfaces are of great importance in heat transfer phenomena at high Reynolds numbers. These¯ows are governed by the same equations as those for round, compound and annular liquid jets except for the boundary conditions at the solid surfaces.
The paper has been organized as follows. In Section 2, annular liquid jets at high Reynolds number are analyzed asymptotically for large and small capillary numbers. The¯ow near the nozzle is studied in Section 3 by means of a von Karman±Pohlhausen method which accounts for the boundary layers that are formed along the jet's free surfaces starting at the singularities at the nozzle exit, and the inviscid, potential core. In Section 3, experimental data are used to determine the¯ow regimes which correspond to the formulation presented in Section 2. After the boundary layers merge and the potential core disappears, the analysis presented in Section 2 is valid (this analysis is also valid near to, but not at, the nozzle), and the equations are recast into a parabolic one by means of a von Mises transformation in Section 4. The analysis presented in Sections 2 and 4 is extended to analyze round jets, compound jets and axisymmetric liquid ®lms on concave and convex cylindrical surfaces in Section 5. The numerical method employed to solve the governing equations and some sample results are presented in Section 6. Finally, a brief summary of the main conclusions ends the paper.
Formulation
Consider an axisymmetric, immiscible, annular liquid jet, and assume that the¯uid is incompressible (constant density), isothermal, two-dimensional and Newtonian so that the conservation equations of mass and linear momentum can be written as
where t is time; u and v are the axial and radial velocity components, respectively; x and r are the axial and radial coordinates, respectively; q and l are the¯uid's density and dynamic viscosity, respectively; p is the pressure; and, g is the gravitational acceleration. Eqs.
(1)±(3) are subjected to kinematic and dynamic boundary conditions at the jet's interfaces, 1 xY t and 2 xY tY where 1 and 2 denote the inner and outer radii of the annular liquid jet, respectively. The kinematic conditions establish that the liquid-surroundings interfaces are material surfaces where the shear stress is continuous, and the jump in normal stresses across the interface is balanced by surface tension. The kinematic and dynamic boundary conditions at the jet's interfaces may be written as
where r denotes the liquid's surface tension, and p e and p i are the pressures of the gases surrounding and enclosed by, respectively, the annular liquid jet. These gases have been assumed to be dynamically passive since, in general, they have smaller density and dynamic viscosity than those of liquids. This implies that the gases surrounding the liquid may not introduce strong velocity variations along each cross section of the jet, although they may aect its dynamics. In addition to the above boundary conditions in the radial direction, conditions in the axial direction must also be provided. If the annular jet emerges from an annular nozzle, there is a stress singularity at the nozzle±jet's interfaces due to the relaxation of the velocity pro®le from no-slip conditions at the nozzle walls to the free-surface¯ow away from the nozzle. This relaxation may result in a jet contraction or swelling which implies that the radial velocity component is of importance near the nozzle. Furthermore, at high Reynolds numbers, boundary layers are formed on the jet's interfaces starting at the singularities at the nozzle exit; these boundary layers grow downstream until they merge. After the merging, the¯ow is essentially parabolic and governed by boundary layer equations until the velocity across the jet becomes uniform and the jet falls according to Torricelli's law. Moreover, the stress singularity at the nozzle exit and the jet contraction or swelling near the nozzle may result in a relatively important radial pressure gradient near the nozzle; therefore, an accurate analysis of the¯ow near the nozzle requires a full solution of the Navier±Stokes equations within the nozzle and in the free surface¯ow, and requires the use of numerical methods [13] . In this section, a long wavelength approximation is used to reduce Eqs. (1)±(7) to a more manageable (and easier to solve) set of equations. Note that Eqs. (1)±(7) have also been analyzed asymptotically by the author [2] for inviscid¯uids, i.e. l 0Y and that the resulting leading order equations for inviscid¯uids coincide with those derived from an integral balance technique [14] whose analytical and numerical solutions are in good agreement with available experimental data for long annular liquid jets [4] . (1) In addition to the above kinematic and dynamic boundary conditions, upstream conditions are required at the nozzle exit, i.e., at x 0X The boundary conditions at the nozzle exit are rather complex since the¯ow relaxes from channel, i.e., no-slip, conditions to the kinematic and dynamic boundary conditions given by Eqs. (4)±(7). This relaxation results in the formation of two boundary layers at the jet's interfaces which will be considered in Section 3 in an approximate manner.
Large capillary numbers
If Ca " gaY Eqs. (8)± (14) indicate that only terms proportional to 2 appear in these equations; therefore, we look for the following asymptotic expansions 
Eq. (25) reduces to the Euler equation for " IX In fact, Eqs. (24)±(26) are identical to those of inviscid, irrotational, annular liquid jets if " I [2]; moreover, for inviscid, irrotational, annular liquid jets, Eq. (27) is to be replaced by ou 0 aorrY xY t 0X Therefore, the analysis presented in this section is also valid for inviscid, irrotational, annular liquid jets if the Reynolds number is in®nite and the¯ow is irrotational.
Since " was assumed to be O1Y qu 0 0 ) lY and since Ca was assumed to be much larger than one, i.e., l ) rau 0 Y it may be concluded that the analysis presented in this section is valid for We qu 2 0 0 ar ) 1Y where We is the Weber number. Furthermore, since " O1Y the inertia terms are of the same order of magnitude as the diusion ones in Eq. (19).
Eq. (20) implies that the pressure is independent of the radial coordinate at leading order; therefore, Eqs. (24)±(27) are not valid near the nozzle on account of the stress singularity and the radial pressure gradients there.
Small capillary numbers
If Ca " gY where " g O1Y substitution of Eqs. (15)± (17) into Eqs. (8)± (14) yields a system of equations in powers of 2 X Equating the coecients in powers of 0 to zero in each equation yields Eqs. (18)±(22) and
which together with p 0 exY t imply that
Therefore, the dierence between the pressure of the gases enclosed by and that of those surrounding the annular liquid jet is balanced by surface tension, and the leading order pressure is a function of both x and t. Furthermore, the leading order equations can be summarized as
Note that Eqs. (31)±(35) reduce to those of the previous section if " g IX Furthermore, the asymptotic analysis presented in this section indicates that, to leading order, the pressure in the annular liquid jet is uniform in the radial direction and only depends on one of the radii of curvature whereas Esser and Abdel-Khalik [3] maintained both radii of curvature and considered the pressure as a function of r (cf. their Eqs. (6) and (7)); however, they neglected the axial gradient of the pressure in their Eq. (3). The inconsistency between their Eq. (3) and their Eqs. (6) and (7) may be the cause for the poor agreement between their theoretical and experimental data [4] . Moreover, as shown above, the second part of their Eq. (5) is incorrect, while the ®rst part of the same equation is only valid for long annular liquid jets. In addition, the leading order radial momentum equation reduces to the condition that the leading order pressure is only a function of x and t, whereas Esser and Abdel-Khalik [3] maintained the full radial momentum equation (cf. Eq. (2)) in their studies.
As shown above, the pressure is independent of the radial coordinate at leading order; therefore, Eqs. (31)±(35) are not valid at the nozzle on account of the stress singularity and the radial pressure gradients there.
Eqs. (31)±(33) are identical to those of inviscid, irrotational, annular liquid jets if " I [2]; moreover, for inviscid, irrotational, annular liquid jets, Eq. (34) is to be replaced by ou 0 aorrY xY t 0. Therefore, the analysis presented in this section is also valid for inviscid, irrotational, capillary, annular liquid jets if the Reynolds number is in®nite and the¯ow is irrotational.
The perturbation method employed in this section may be easily used to obtain higher-order terms in the asymptotic expansion, and the leading order equations are asymptotically valid provided that j 2 / 2 j ( j/ 0 j. This condition also provides a limit on the value of for which the analysis presented in this paper holds. Furthermore, heretofore, the analysis has not considered in an explicit form the boundary layers that are formed at the jet's interfaces as the jet emerges from the nozzle exit. These boundary layers occur because of the relaxation of the velocity pro®le from no-slip conditions at the nozzle's walls to the free surface conditions of the free, annular jet. Note, however, that the solution of the leading-order equations presented in the previous section provides the thickness of the boundary layers formed at the annular liquid jet's interfaces. Before the two boundary layers merge, there is a core region between them where the¯uid may be considered inviscid at very large Reynolds numbers. Once the boundary layers merge, thē ow may be analyzed quite simply with the equations presented in this paper. In the next two sections, the¯ow near and far away from the nozzle is analyzed by using the results obtained in this section.
Flow near the nozzle
The¯ow near the nozzle may be characterized by two boundary layers and a core region (Fig. 2) . The boundary layers are located at the jet's interfaces. For the sake of concreteness, let us assume that the boundary layer at the inner interface has a thickness equal to d 1 d 1 0Y t 0, while the thickness of that at the outer interface is d 2 d 2 0Y t 0. The¯ow near the nozzle can be decomposed into three regions: an inner boundary layer in 1 
and an outer boundary layer in 2 
If the leading order equations obtained in previous sections are used to analyze the boundary layers and the core is assumed to be inviscid, one can solve Eqs. (31) and (32) in the two boundary layers and the core together with the conditions that the axial and radial velocity components and their radial and axial derivatives be continuous at 1 d 1 and 2 À d 2 , i.e., at the edges of the boundary layers. Note that these edges are not material surfaces. The continuity of ov 0 aor together with the continuity of v 0 at the boundary layer edges implies, through the continuity equation, that ou 0 aox is continuous there; therefore, at the boundary layer edges, one may impose the continuity of both u 0 and v 0 and the continuity of ou 0 aor and ou 0 aox.
For the sake of convenience in what follows, the subscript 0 in Eqs. (31) and (32) will be dropped, and the¯ows in the inner and outer boundary layers and in the core will be denoted by the superscripts 1, 3 and 2, respectively. We thus have the following equations: 
In addition to the above boundary conditions, mass conservation must also be satis®ed, i.e., o ox
which may be easily obtained from the integration of the continuity equations in the boundary layers and in the core, the use of Leibnitz rule of integration and the use of the interface boundary conditions and the continuity conditions at the boundary layer edges. Eqs. (36)±(41) are of the mixed hyperbolic±parabolic type and have the same form as those of boundary layers with pressure gradients. Therefore, they may be solved numerically by means of the same techniques as those employed in standard boundary layer theory. These equations are valid until d 1 d 2 2 À 1 where the two boundary layers merge. Beyond this axial location, the formulation presented in Section 2 must be used. Actually, the formulation presented in Section 2 is also valid for the boundary layers at the jet's interfaces. Note that the ®rst term in the right-hand side of Eq. (39) may be eliminated because the¯ow in the core is inviscid. However, Eqs. (36)±(47) are not strictly valid at the nozzle exit for several reasons. First, these equations were derived from a long wavelength asymptotic analysis of the full Navier±Stokes equations which results in a pressure ®eld which is not a function of the radial coordinate. As stated before, such an analysis is not valid at the nozzle exit where radial pressure gradients may be important due to the stress singularities at the nozzle exit and the jet contraction or swelling. Second, the asymptotic analysis is not strictly valid near the nozzle exit due to the long wavelength approximation, i.e., ( 1. Thus, the solution of Eqs. (36)±(48) provides, at best, an approximation to the velocity pro®les and boundary layers formed at the jet's interfaces. A more accurate, albeit more complex analysis of the near the nozzle region requires the solution of the full Navier±Stokes equations within the nozzle and in the free surface¯ow [13] .
A von Karman±Pohlhausen technique
Approximate solutions to Eqs. (36)±(47) may be obtained by using the well-known von Karman±Pohlhausen method. Let us assume that the axial velocity pro®les in the two boundary layers can be approximated by fourth-degree polynomials in r whose coecients are functions of x and t and such that they are identically equal to zero at x 0 and satisfy Eqs. (43), (44) and (46). Let us further assume that the axial velocity component in the core can be expressed as u u n u xY tp r p r where u n denotes the axial velocity at x 0Y u is zero at x 0 and p r is identically equal to zero at the nozzle exit walls so that the no-slip condition is satis®ed in the nozzle. These approximations can be substituted into Eqs. (36), (38) and (40) which may be integrated in r from 1 to 1 d 1 Y 1 d 1 to 2 À d 2 and 2 À d 2 to 2 , respectively, to obtain three equations which contain the radial velocity component at the jet's interfaces and boundary layers' edges. These radial velocity components can be eliminated from the integrated forms of Eqs. (36), (38), (40), (42) and (45) 
The advantage of this integral von Karman±Pohlhausen technique is that approximate solutions are obtained by employing simple polynomials for the axial velocity component, and that these polynomial approximations result in ordinary dierential equations under steady state conditions compared with the partial dierential equations of the previous section. Furthermore, the radial velocity does not require any approximation since the integration of the continuity and linear momentum equations in the two boundary layers and in the core only involve the radial velocity components at the jet's interfaces and at the boundary layers edges, and these may be eliminated by employing the kinematic conditions and the continuity of the radial velocity component, respectively, there.
In order to completely specify the value of u n , let us consider steady¯ows. If the nozzle is suf®ciently long for the¯ow to be fully developed, then the axial velocity of the¯ow in the nozzle is h 4 ln r 2 À ln r 1 r 2 À r where h is a constant related to the axial pressure gradient and the gravitational acceleration, and r 1 and r 2 denote the inner and outer radii of the nozzle, i.e., 1 0Y t r 1 and 2 0Y t r 2 . In this case, p r and u n are given by terms within and outside, respectively, the parenthesis in Eq. (49). Note that p r 1 p r 2 0, i.e., UF(r) satis®es the no-slip conditions at the nozzle exit. If the nozzle is very short, the¯uid does not have enough time to reach a fully developed pro®le, and the axial velocity within the nozzle is nearly uniform except for very steep velocity gradients at the nozzle wall. In this case, the axial velocity in the nozzle may be assumed to be uniform, i.e., i, where i is a constant. In this case, u n and p r 1.
Experimental¯ow regimes
In order to illustrate the relevance of the long wave approximation presented in Section 2 and the merging of the boundary layers formed at the annular jet's interfaces presented in Section 3, three sets of experimental data are employed in this section to determine the¯ow regime and the axial distance at which the potential core disappears. In the experiments of Kihm and Chigier [15] , the values of the Froude, Reynolds, Weber and capillary numbers range from 1.27, 39012, 422 and 0.011, respectively, to 8X87Y 1X03 Â 10 5 , 2954 and 0.029, respectively. Therefore, these experiments correspond to annular liquid jets at high Reynolds numbers and small capillary numbers, for which the formulation presented in Section 2.2 is a valid one. Furthermore, for these¯ow conditions the ratio of axial distance at which the boundary layers formed at the jet's interface merge to the mean jet's radius at the nozzle exit ranges from 0.039 to 0.10 for nondimensional convergence lengths ranging from 2 to 10; therefore, the length of the inviscid potential core is small, and this explains why the analytical and numerical results of the inviscid¯uid equations presented in Ref. [4] are in good agreement with experimental data. It must be noted that the convergence length or convergence point is de®ned as the axial distance measured from the nozzle exit at which the annular jet becomes a round one, and that the above values of the boundary layer thickness were determined by using standard boundary layer theory [16] and ignoring the curvature of the jet's interfaces, the axial acceleration of the¯ow and the thinning or thickening of the jet.
In the experiments of Homan et al. [17] , the values of the Froude, Reynolds, Weber and capillary numbers range from 0.1, 3324, 6.86 and 2X06 Â 10 À3 , respectively, to 458, 221600, 30508 and 0.14, respectively, which correspond to the small capillary regime presented in Section 2.2. Moreover, the large magnitude of the Reynolds and Weber numbers for the highest¯ow conditions investigated by Homan et al. [17] indicate that the in¯uence of gravity, viscosity and surface tension on the¯uid dynamics of annular liquid jets is smaller than inertia. Furthermore, for thesē ow conditions the ratio of axial distance at which the boundary layers formed at the jet's interface merge to the mean jet's radius at the nozzle exit ranges from 2.70 to 180 for nondimensional convergence lengths ranging from 4.49 to 449; therefore, the length of the inviscid potential core is about one half of the convergence length.
In the experiments of Baird and Davidson [18] , the values of the Froude, Reynolds, Weber and capillary numbers range from 13.10, 5519, 68 and 0.012, respectively, to 117.91, 16557, 610 and 0.36, respectively. Therefore, these values correspond to the small capillary regime presented in Section 2.2. For these¯ow conditions the ratio of axial distance at which the boundary layers formed at the jet's interface merge to the mean jet's radius at the nozzle exit ranges from 0.12 to 0.36, while the convergence length was not reported by Baird and Davidson [18] , but it is larger than the above values.
Since the experimental values discussed in previous paragraphs correspond to the¯ow regime presented in Section 2.2, this regime will be the one that will be considered in Section 4.
Flow away from the nozzle
Once the boundary layers merge, the¯ow is governed by Eqs. [5] because here we have employed an asymptotic analysis based on a long wavelength approximation. Although these equations are not strictly valid at the nozzle due to the singularities and jet contraction or swelling there, they may be assumed to apply up to the nozzle in order to obtain approximate solutions. Note that Refs. [5,7±9,12] used the parabolic formulation of Duda and Vrentas [5] up to the nozzle exit. Furthermore, since Eqs. (36)±(48) are identical to Eqs. (31)±(35) or Eqs. (51)±(54) except for the fact that they considered both the core and boundary layers in the annular liquid jet, the latter will be used throughout the rest of this paper.
If the axial velocity component is independent of r and the¯ow is steady, Eq. (32) may be integrated analytically to yield
where f is an integration constant. In the absence of surface tension, Eq. (55) is the famous Torricelli's free-fall formula [2] . It must be indicated that Eq. (55) governs the dynamics of annular liquid jets at high Reynolds numbers suciently far from the nozzle, once the velocity becomes uniform across the jet. This equation together with the conservation of mass, i.e., u 0 2 20 À 2 10 onstnt and Eqs. (29) and (30) allows us to determine 10 Y 20 and u 0 as functions of the Weber number and the dierence between the pressure of the gases enclosed by and surrounding the annular liquid jet and coincides with that developed by the author for inviscid, slender, annular liquid jets [2] . Furthermore, if the axial velocity pro®le at the nozzle exit is uniform, the diusion term in Eq. (51) is identically equal to zero, and this equation coincides with that for inviscid, annular liquid jets [2] which correspond to " I. Therefore, the high Reynolds number analysis presented in this paper is consistent with the inviscid one presented in Ref. [2] . Moreover, it is easily shown that the leading-order equations of a long-wave asymptotic analysis of the equations presented in Ref. [4] coincide with those of Ref. [2] ; therefore, it may be concluded that the solutions of the leading-order equations presented in this paper should be in good agreement with the experimental data presented in Ref. [4] for annular liquid jet with uniform axial velocity pro®les at the nozzle exit or " I since the model presented in Ref. [4] predicted results in good accord with available experimental data.
The validity of Eq. (55) has been previously veri®ed by the author in Ref. [4] and Baird and Davidson [18] by comparing analytical and numerical predictions with experimental data for large " g " .
Other free surface¯ows at high Reynolds numbers
The analysis presented in previous sections can be easily generalized to other free surface¯ows such as axisymmetric round jets, cylindrical ®lms on convex or concave surfaces, compound jets, etc. (Fig. 2) . In this section, some of these¯ows are analyzed in the long wavelength limit (cf. Section 2).
Round jets at high Reynolds numbers
For the sake of convenience, we will assume that the radius of the axisymmetric round jet is 2 xY t (Fig. 1) , so that the governing equations in the long wavelength limit are Eqs. (8) [7] found good agreement between experimental data and the numerical solution of Eqs. (59)±(62), it must be concluded that the long wave analysis presented in this section is a valid one.
It must be pointed out that Eqs. (59)±(62) have been derived here asymptotically and are consistent with the slenderness or long wavelength approximation employed in their derivation. Furthermore, the independent variable z or x in those equations has been nondimensionalized with respect to k 0 a. Therefore, for the sample results presented in Section 6, one should keep in mind that the axial coordinate has been nondimensionalized with respect to a wavelength which is larger than the reference radius used to nondimensionalize the radial coordinate.
Cylindrical liquid ®lms on convex cylindrical surfaces at high Reynolds numbers
For axisymmetric, laminar liquid ®lms over convex cylindrical surfaces (Fig. 1) , the governing equations, in the long wavelength limit, are Eqs. (8)±(11) with i 2Y Eq. (14), and the no-slip condition at the cylindrical surface, i.e.,
where 1 1 xY t denotes the radius of the cylindrical surface, and 2 is the radius of the ®lm's free surface. In what follows, it will be assumed that 1 onstntX It can be easily shown that, to 0 Y the governing equations for steady ®lms are Eq. (59), and
subject to Eq. (62). These equations are valid for both large and small capillary numbers; for the latter, one has to set We I in Eq. (59).
Cylindrical liquid ®lms on concave cylindrical surfaces at high Reynolds numbers
For axisymmetric liquid ®lms over a concave cylindrical surface of radius 2 (Fig. 1) , the governing equations, in the long wavelength limit, are Eqs. (8)±(11) with i 1, Eq. (13), and the noslip condition at the cylindrical surface, i.e.,
where 2 2 xY t denotes the radius of the cylindrical surface, and 1 is the radius of the ®lm's free surface. In what follows, it will be assumed that 2 onstnt.
It can be easily shown that, to 0 , the governing equations for steady ®lms are Eq. (59), and
Compound liquid jets at high Reynolds numbers
Compound liquid jets (Fig. 1) consists of a round jet surrounded by an annular one which is, in turn, surrounded by a dynamically passive medium. The round and annular liquid jets are here identi®ed by subscripts 1 and 2, respectively, while the surface tension at the round-annular liquid jet and annular jet-environment interfaces are referred to by subscripts 1 and 2, respectively.
The governing equations for the compound jet are given by Eqs.
(1)±(3) subject to symmetry conditions at the symmetry axis, continuity of the axial and radial velocity components and shear stresses at the interfaces, and a balance of normal stresses at the interfaces. In what follows, we will perform a long wavelength asymptotic analysis by ®rst nondimensionalizing the dimensional variables rY xY tY u i and p i with respect to 0 Y kY kau 0 Y u 0 Y u 0 , and q 0 u 2 0 , where the subscript i refers to the round i 1 and annular i 2 liquid jets, and q 0 and u 0 may refer to either the round or the annular liquid jet. Introducing this nondimensionalization, the governing equations can be expressed as
and m laq is the kinematic viscosity. Eqs. (69)±(78) depend on ReY FrY CaY l 1 al 2 Y q 1 aq 2 and r 1 ar 2 ; therefore, depending on the values of these parameters, several¯ow regimes may be identi®ed. For example, the equations governing the dynamics of round jets can be obtained by setting q 2 and l 2 equal to zero.
For Re " aY Fr " p a, small capillary numbers, i.e., Ca " gY l 1 al 2 O1Y q 1 aq 2 O1 and r 1 ar 2 O1, the use of asymptotic expansions similar to Eqs. We " g " O1, and q 0 Y l 0 and r 0 may be set equal to q 1 Y l 1 and r 1 , respectively. For steady¯ows, Eqs. (79) and (80) may be reduced to set of parabolic equations by employing the streamfunction as in Eq. (50); note that two streamfunctions are to be introduced: one for the round jet, and the other for the annular liquid jet which surrounds it. Furthermore, the axial gradients of the pressure in Eq. (80) may be cast in terms of 10 
since the leading-order pressure in both¯uids is independent of the radial coordinate, i.e., op i0 aox dp i0 adx (cf. Eq. (79)). For inviscid, compound jets, it can be easily shown that the governing equations are Eqs. (79), (81), (84), (85) and (87), Eq. (80) without the second term in the right-hand side of that equation, and Eq. (33) with i 1 for the two¯uids of the compound jet, i.e.,
Multiplication of Eqs. (79) and (80) by r dr and integration of the resulting equations from 0 to 10 for i 1 and from 10 to 20 for i 2 yields 
If the leading-order axial velocity components in both the round and the annular jets are assumed to be only functions of x (this assumption is satis®ed if the¯ows are inviscid and irrotational 
which together with Eqs. (84) [11] in their studies of inviscid, compound jets except that these authors retained the two radii of curvature in their Eq. (2.6). As has been shown here, the second radius of curvature does not appear in the leading order equations for slender, compound jets.
Presentation of results
Some sample results pertaining to some of the laminar¯ows whose asymptotic equations at high Reynolds numbers have been derived in this paper are presented in the next subsections. These results were obtained from the numerical solution of Eqs. (51)±(54) for annular liquid jets, Eqs. (59)±(62) for round jets, Eqs. (59), (64) and (65) for liquid ®lms on convex cylindrical surfaces, and Eqs. (59), (67) and (68) for liquid ®lms on concave cylindrical surfaces with an implicit, conservative method of the control-volume variety which employs a staggered grid so that the axial velocity component is evaluated at grid points in order to evaluate the radial coordinates with second-order accuracy in Eq. (52), whereas r is calculated at midpoints. The method also employs an adaptive technique which concentrates the grid points in the axial direction according to the magnitude of the axial derivative of the axial velocity component in an iterative manner so that the largest absolute value of the axial derivative of the axial velocity component did not change by more than 10 À4 from one axial station to the next one. The largest Dx used in the calculations was equal to 10 À4 . The radial distribution of grid points was selected according to the magnitude of the radial derivative of the axial velocity component at the nozzle exit and the grid points in the radial direction were concentrated near the free surfaces because the gravitational pull and viscous diusion smooth these gradients far downstream. In most of the calculations presented here, the number of grid points in the radial direction was not less than 1000.
It must be pointed out that the leading order equations for all the free surface¯ows considered in this paper are characterized by an integral constraint such as that given by Eq. (52) with r 20 Y Eq. (60) with r 20 , Eq. (64) with r 20 , and Eq. (67) with r 10 , in addition to the invariants given by Eqs. (54) and (62). The error in the numerically obtained invariants was also used to adapt the grid in the axial direction in such a manner that the absolute value of the dierence between the exact and calculated invariants was less than 10 À10 .
Annular liquid jets
Fig . 3 shows the geometry and the axial velocity component of steady annular liquid jets whose velocity pro®les are uniform at the nozzle exit for 2 0 1X1Y 1 0 1Y " 1Y " p 1Y and We 10 3 Y 10 4 and 10 5 X This ®gure clearly shows that the shape of the annular liquid is almost independent of the Weber number for large We since the three curves shown in the ®gure coincide and that the liquid accelerates in the axial direction. Fig. 4 corresponds to 2 0 1X1Y 1 0 1Y " 1Y We 10 4 Y and " p 1Y 10 2 and 10 5 Y and indicates that the axial velocity component of the jet almost retains its value at the nozzle exit, i.e., u 1Y for " p b 1X Note that the results for " p 10 2 coincide with those for " p 10 5 and that the radii of the two interfaces is nearly independent of the Froude number, e.g., the jet's inner radius is almost equal to its value at the nozzle exit. Similar trends to those shown above have also been observed for dierent values of 2 0 and Reynolds numbers. The results presented in Fig. 4 are consistent with Eq. (51) which indicates that the magnitude of the gravitational pull decreases as the Froude number is increased.
For the¯ow conditions investigated by Kihm and Chigier [15] , good agreement between the numerical results obtained with the model presented in this paper (cf. Section 2), experimental data, and the author's analytical and numerical results for inviscid jets [4] was found for the shape and the convergence length of annular liquid jets; in fact, the dierences between the numerical results of the high-Reynolds number model presented here and that of the inviscid one of Ref. [4] were less than 10 À6 because the axial velocity pro®le at the nozzle exit was assumed to be uniform and the diusion term in Eq. (51) was identically equal to zero, and, under these conditions, the high-Reynolds number equations derived in this paper coincide with those for inviscid, irrotational, annular liquid jets [2, 4] . This is not surprising since as stated in Section 3.2, for the¯ow conditions investigated by Kihm and Chigier [15] , the boundary layers formed at the jet's interfaces merge near to the nozzle and the¯ow may be treated as an inviscid one downstream from the merging point.
It must be pointed out that there are no experimental data on the axial and radial distributions of the jet's axial and radial velocity components; therefore, the comparisons between numerical predictions and experimental data can only be performed with the experimentally measured convergence lengths. Furthermore, Kihm and Chigier [15] , Homan et al. [17] and Baird and Davidson [18] observed that their¯ows were laminar for the ranges of experimental conditions that they investigated; however, annular liquid jets and the other free surface¯ows considered here may become unstable and, eventually, turbulent since they have been found experimentally to be rather sensitive to small perturbations caused by acoustic feedback, external perturbations, oscillations in the liquid's mass injection rate, etc., especially at high speeds. Under controlled conditions, annular liquid jets remain stable even at higher Reynolds numbers than the ones considered by Kihm and Chigier [15] , Homan et al. [17] and Baird and Davidson [18] .
Round liquid jets
Figs. 5 and 6 show the radius and axial velocity component of annular liquid jets whose velocity pro®le is uniform at the nozzle exit. Fig. 5 indicates that the jet's radius and axial velocity component are almost constant for Fr 10 5 Y decreases almost linearly for " p 10 2 and 0 T x T 5Y and shows a rapid contraction for " p 1Y while the results presented in Fig. 6 indicate that the jet's radius and axial velocity component are nearly independent of the Weber number since the three values of this number yield nearly identical results.
For nonuniform velocity distributions at the nozzle exit, the results presented in Figs. 7±9 indicate that jet contraction increases as the Froude number is decreased, is nearly independent of the Froude number for " p P 10 2 Y decreases as the Reynolds number is increased, and is nearly independent of the Weber number (cf. Fig. 9 ).
The axial velocity pro®les at the jet's centerline and free surface presented in Figs. 7±9 show that the jet's centerline and free surface accelerate and that the acceleration of the free surface is larger than that of the jet's centerline. Furthermore, the¯ow acceleration decreases as the Froude and Reynolds numbers are increased and is nearly independent of the Weber number.
The radial distribution of the axial velocity component is shown in Fig. 10 at several axial locations. This ®gure illustrates the relaxation of the velocity pro®le from a near parabolic distribution at the nozzle exit to a uniform distribution farther downstream. The distance required to reach a uniform axial velocity pro®le depends on the Reynolds, Weber and Froude numbers as indicated in Figs. 7±9, and the axial velocity distribution at the nozzle exit (cf . Figs. 5±9 ). Note that, owing to the gravitational pull, the axial velocity component may reach higher values than those at the nozzle exit.
Annular liquid ®lms on convex, cylindrical surfaces
Some sample results of liquid ®lms on axisymmetric, convex, cylindrical surfaces are presented in Figs. 11±15. Figs. 11 and 12 correspond to uniform velocity pro®les at the nozzle exit and indicate that the initial ®lm contraction increases as the magnitude of the Froude number is decreased. Although not shown here, the ®lm contraction nearly coincides with the solid line shown in Fig. 11 for We P 10 2 , and the axial velocity is nearly identical to its value at the nozzle exit for " p 10 5 . Fig. 12 illustrates the eects of 2 0 on the shape of annular ®lms over convex surfaces and indicates that the axial velocity pro®le is nearly independent of 2 0. This result is to be expected on account of the value of the Reynolds numbers considered in this paper. Figs. 13±15 correspond to nonuniform velocity distributions at the nozzle exit, and show the rapid contraction of the liquid ®lm as it exits the nozzle. This contraction is nearly independent of the Froude number, although, for large Froude numbers, the ®lm's radius decreases slowly in the axial direction as illustrated in Fig. 13 . Fig. 14 indicates that the ®lm's contraction decreases as the Reynolds number is increased on account of the lower diusion terms associated with viscosity. Although not shown here, the shape of the cylindrical ®lm is nearly independent of the Weber number for We P 100, and the ®lm reaches the same shape as those illustrated in Fig. 13 for larger values of 2 0 than that of Fig. 13 . Fig. 15 presents the radial distribution of the axial velocity component at several axial locations, illustrates the relaxation of the axial velocity pro®le from an almost parabolic distribution at the nozzle exit to a uniform distribution far downstream, except for a thin boundary layer at the solid surface, i.e., at w 0. The distance required to reach this uniform distribution depends on the Reynolds, Froude and Weber numbers, and velocity distribution at the nozzle exit. However, it was found that the relaxation distance is nearly independent of the Froude and Weber numbers for " p P 1 and We P 100 and 2 0, and increases as the Reynolds number if increased.
6.4. Annular liquid ®lms on concave surfaces Fig. 16 shows that, for uniform¯ows at the nozzle exit, the radius of liquid ®lms on concave cylindrical surfaces increases downstream as a consequence of the gravitational pull. Furthermore, the magnitude of this increase decreases as the Froude number is increased, and is nearly independent of the Weber number for We P 100. Fig. 16 also shows that the axial velocity is nearly identical to its value at the nozzle exit for " p 10 5 . For nonuniform¯ows at the nozzle exit, similar trends to those described in the previous section were found, i.e., the ®lm contraction is nearly independent of the Weber number for We P 100, and the distance required to reach a uniform velocity pro®le is nearly independent of the Froude and Weber numbers for " p P 1 and We P 100 and 1 0, and increases as the Reynolds number is increased.
Conclusions
An asymptotic method has been used to derive the leading order equations of axisymmetric, incompressible, laminar, immiscible, annular, round and annular liquid jets and liquid ®lms on concave and convex cylindrical surfaces using a long wavelength or slender approximation as a function of the Reynolds, Froude and Weber numbers. Both inertia and capillary, free surfacē ows have been considered. The asymptotic equations presented in this paper indicate that previous studies of annular liquid jet at high Reynolds numbers are inaccurate because they accounted for radial pressure 
